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Abstract. Let g be a simple Lie algebra and V[0] = V\ <8> • • • <8> V n [0] the zero weight 
subspace of a tensor product of g-modules. The trigonometric KZB operators are com- 
muting differential operators acting on V[0]-valued functions on the Cartan subalgebra of 
0. Meromorphic eigenfunctions to the operators are constructed by the Bethe ansatz. We 
introduce a scalar product on a suitable space of functions such that the operators become 
symmetric, and the square of the norm of a Bethe eigenfunction equals the Hessian of the 
master function at the corresponding critical point. 

1. Introduction 

We study three systems of commuting linear operators associated to a simple Lie algebra 
q and the tensor product V — V\ (g) • • • (g) V n of finite dimensional representations of g. The 
first system is the collection of the rational Gaudin operators acting on the space of singular 
vectors of M^ P ®V of weight £ — p, where M^_ p is the Verma module of highest weight £ — p. 
The second system is the collection of the trigonometric Gaudin operators with parameter 
£ acting on the zero weight subspace V[0] C V. The third system is the collection the 
trigonometric KZB differential operators acting on a particular space E(£) of V[0]- valued 
functions on the Cartan subalgebra f) C g. The three systems are isomorphic. 

Each system has a Bethe ansatz construction of eigenvectors. The Bethe ansatz consists of 
a scalar master function of auxiliary variables t — (t±, . . . , and a weight function depending 
on t. For a critical point t cr of the master function, the value of the weight function at t cr is 
an eigenvector. 

A large body of the previous work focuses on the norms of such Bethe eigenvectors in 
the case of the rational Gaudin operators with respect to the Shapovalov form |MV] , [V3J. 
In that case, if t cr is an isolated critical point of the master function, then the norm of the 
eigenvector corresponding to t cr equals the Hessian of the master function at t cr . In this 
paper, we extend this result to the eigenvectors of the other two systems, see Section |6j 

In Section [7J we describe the Weyl group action on eigenfunctions to the trigonometric 
KZB operators, and show that the scalar product on these functions is Weyl invariant. In 
section [HI we recall the construction of Jack polynomials from antisymmetrized eigenfunctions 
to the trigonometric KZB operators. We apply our results to relate the usual norm of Jack 
polynomials to the Hessian of the master function. 

An interesting next step would be to establish similar results for the elliptic KZB operators. 

The authors thank K. Styrkas for helpful discussions. 
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2. Preliminaries 

2.1. Notation. Let g be a simple complex Lie algebra of rank r with Cartan subalgebra f). 
Let A C t)* be the set of roots, and for a E A, let g a Cg denote the root space corresponding 
to a. 

Fix simple roots a±, . . . , a r E A. Let Q = ©jZctj be the root lattice, and Q + the elements 
of Q with non-negative coefficients. Let A + — An Q+ be the set of positive roots, and 
A_ = A \ A + , its complement, the negative roots. Let n± = ® a eA ± g a denote the positive 
and negative root spaces. 

Fix a nondegenerate g-invariant bilinear form ( , ) on g. The form identifies g and g* and 
defines a bilinear form on g*. For a root a E A, we denote its coroot by a y = 2a/ (a, a), 
and set h a E f) so that (h a , h) = a v (h) for all h E h. 

For each a E A, choose generators e a E g a so that (e a ,e_ a ) = 1. For positive roots 
a E A + , we set f a = {a ^ a .f - a - For a simple root etj, set = e aj , fj = f aj and = h aj . 
Then h±, . . . , h r , e±, . . . , e r , fi, . . . , f r are Chevalley generators of g. Set p — \ J2 ae & + a i so 
p(hj) = 1 for j = 1, . . .,r. 

Denote by C/ (g) the universal enveloping algebra of g. The Chevalley involution w is an 
automorphism of U(g) defined by ou(ej) = — fj, ou(fj) = —ej, ou(hj) = —hj. The antipode a 
is an anti-automorphism of U (g) defined by a(g) = —g for g E g. 

2.2. Shapovalov form. The Poincare-Birkhoff-Witt theorem gives the decomposition 

C/(g) = £/(n_) ® U(t)) ®U(n+). 

Denote by 7 the projection U(q) — > U(\)) along xX-U(q) + U(g)n+. 

The Shapovalov form is the ?7(f))-valued bilinear form on U(q) defined by 

S(gi,g 2 ) = i{au(g 1 )g 2 ), gi, g 2 e U(g). 

Using the identification of U{\)) with C[f)*], the polynomials on h*, any /i E h* defines a 
C-valued symmetric form on U (g) defined by evaluation at p. 

For a g-module V and z/ E h*, let Vfz/] = {u E V : /im = u(h)u for /i e h} denote the 
weight 1/ subspace. We consider modules with weight decomposition, so V = <g)j,V[i/]. A 
singular vector of weight v in V is u E V[u] such that n+u = 0. The space of all such vectors 
is denoted SingV[i/]. For p E I)*, denote by M M the Verma module with highest weight p, 
generated by the vector 1 M E SmgV\p\. 

We define the Shapovalov form on a Verma module by 

S(g 1 l ll ,g 2 l^) = S li (gi,g 2 ), gi, g 2 E U(g). 

Weight subspaces M^[u] and M^[r]} are orthogonal for v 7^ r] with respect to this form. Let 
M* denote the restricted dual module to M^, with g acting by (g<f))(v) = (f>(a(g)v) for g E g, 
(j) E M* and v E M^. The Shapovalov form induces a map : M M ->■ M* with 5^(1^) = 1* 
where 1* is the lowest weight vector dual to 1 M , and with S^(gl^) = u(g)l*^ for g E g. 

The kernel of the Shapovalov form is the maximal proper sub module of M M . Denote by L M 
the irreducible quotient. The Shapovalov form induces a bilinear form on L^. We shall use 
the Shapovalov form on a tensor product, defined as the product of the Shapovalov forms of 
factors. 
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For a G A + and k G {1, 2, . . . }, let 

k 

(2.1) Xfc(M) = (a,/x + p) - ^ 

On the weight subspace C/(n_)[— z/] C U(n^) the Shapovalov form has determinant |Sh] 

detS^-v] = const J] Hx a M Piu - ka) , 

aGA+ k=N 

where S^f— v] denotes the restriction to C/(n_)[— v\, N are the numbers {1,2,...}, -P(A) is 
the Kostant partition function and const is a nonzero constant depending on choice of basis. 
This formula also holds for S^— u] defined as the restriction to M^/i — u], so the Shapovalov 
form on M M is nondegenerate if 

(2.2) X a M ^0 for all a G A+, k G {1, 2, . . . , }. 

Let u] be the inverse matrix to S^[— v\. 

Lemma 2.1. Let {Fj} be a basis of [7(n_)[— v\ with the first N elements of {Fjl^} form a 
basis of Kei(S^[—i']) . Then an entry (S^f— o/5^" 1 [— v\ is regular at A = /i if j > N or 
£ > N. ' 

Proof. For /i such that xtit 1 ) * s nonzero for every a G A + , k G N, the Shapovalov form 
is invertible, and each (5 , ^" 1 [— v))j£ is regular. We next consider ft such that xtit 1 ) = f° r 
exactly one a G A + and k G N. There is a unique proper submodule M M _fc a of highest 
weight fi — ka, with the dimension of the weight subspace M M _fc Q [/i — v\ equal to P[y — ka). 
For A = /i + er/ approaching \i transversely to XkW = 0, the first iV = P(y — ka) rows of 
S\[ — v\ are divisible by e. Any minor Cji of S\[— v\ with j > iV is divisible by e^, and since 
the determinant of S\[— u] is divisible by exactly the A^th power of e, the entry (S^ 1 [— v])jt 
with j > N is regular at e = 0. By the symmetry of S, the entries with £ > N are also 
regular. 

For general /j,, we note that if {Fj} is such that the first N elements {Fjl^} form a basis 
of Ker(S ti [—u]), then for A in a neighborhood of /i, Ker(S < A[— u]) is contained in the space 
spanned by the first N elements of {Fjl\}. Then we have that for j > N or £ > N, the 
meromorphic function (5'^" 1 [— v\)jt is regular in a neighborhood of /i except perhaps on a 
subspace of codimension 2. Thus it is regular in the entire neighborhood. □ 

The proof of this lemma was communicated to the authors by K. Styrkas. It mirrors the 
proof in |ESj that entries of S~ l [— v\ can have only simple poles. 

2.3. Singular vectors. For \i G ()*, let J M C U(n + ) denote the annihilating ideal of the 
vector 1* G M*. Thus a;(/ M )l At equals Ker(S fl ) in M M . Let V be a $j module such that for 
every u G V, n+u is finite dimensional. Denote by V"[z/] M C V[u] the subspace annihilated by 
7 M . Let {Fj : j ^ 0} be a homogeneous basis of C/(ti_) with F = 1, the identity element. 

Proposition 2.2. [ESJ There exists a singular vector in M M £g> V[fi + v\ of the form 1 M £g> 
® Mj- for some Uj G V only if u belongs to V^. 
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Proof. The vector 1 M (g u+ Ej>o ® u i induces a map M* — > V defined by 

j>0 

for G M*. Since the vector is singular, this map commutes with the action of n + . Clearly, 
it maps the lowest weight vector 1* to u. The existence of such a map implies that I^u is 
zero. □ 

For u G V[v), set 

in Z/ (ti— ) Cg V. For satisfying (12.21) . this vector is well-defined since is non-degenerate. 

Proposition 2.3. For u G V[i/] M , i/ie v ector E(A)(1 (g w) G £7(n_) ®F as a function of X is 
regular at X = fx. 

Proof. We consider a homogenous basis {-F}} of U(xi-) that contains a subset {Fj} such that 
{Fjl^} forms a basis of Ker( ( S , /U ). Since u is in V[v] M , any u(Fj)u equals zero. By Lemma 
\2.1\ the nonzero terms of 5(A) (1 <g> u) are regular at A = \i. □ 

For u G V[u]^ the vector (g) w) G M M <g V|/i + v\ is singular [ESJ. 



Proposition 2.4. For u G V"[z/] M; let 1 M (g u + Ej>o -^j'-'-m ® M i ^ e an V singular vector. Then 
the difference 



I l^^u + ^Fjl^^uj j 
V i>o / 



/zes m Ker(iL) (g I 7 . 



Proof. The difference is a singular vector, and the associated map M* — > V maps 1* h-> 0. 
Since this map commutes with n + , all of £7(n + )l* maps to zero. The image of S M in M* is 
C/(n + )l*, so any vector of M M (g V orthogonal to it must belong to Ker(5 M ) <g V. □ 

We define the linear map Q(li) : V[v] A ,_ p _i I/ — >■ V[v] as 

3. Gaudin and KZB operators 

Let 2 = (zi, . . . , z n ) be a collection of distinct complex numbers. Let Vi, . . . , V n be q- 
modules, and let V = Vx®---®V n . For x G End(V p ), let = 1(g)- • -<gl<gx<gl<g- • -<gl be 
the endomorphism of V with g acting on the pth factor. For E,- %j®yj G End(V^,) (g>End(V r s ), 

let (E^i® %') (p ' s) denote E^ p) yj s) . 

Let Q 6 g ® g be the symmetric invariant tensor dual to ( , ) . It has a decomposition 
Q = ^o + EqgA where fl G f)(gf) and fl a G Q a ®8-a- Explicitly, for {h u } an orthonormal 
basis of f), Q = Et, ^ ® h v , and for generators e a G $j a with (e a , e_ Q ) = 1, £l a = e a <g e 
The Casimir element is C = Co + E a eA £ where C = E^ an d C a = e a e 



a- 
a^—a- 
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3.1. Rational Gaudin operators. The rational Gaudin operators are linear operators on 
V, given by 

K p( z ) = Z^ — - — > p=l,...,n. 

s^p Z P Zs 

Each K p (z) commutes with the action of q on V. For all p, s, we have [K p (z), K s (z)\ = 0. 

3.2. Trigonometric Gaudin operators. Let 



-Oq + Q , 0_ — — Oo + O a . 
The trigonometric r-matrix is defined by 



, . O+X + 0_ 

r(x) = 



x — 1 

For £ £ f), the trigonometric Gaudin operators are defined as 

= + E r(P ' S) (V^). P = 1, . • . , n. 

Each /C p (z, £) commutes with the action of f) on V and [/C p (z, £), /C s (z, £)] = for all p, s, see 

[CH IEFS] . 

3.3. KZB operators. Let H + C C be the upper half plane, and r G H + . Let Z\, . . . , z n G C 
be distinct modulo the lattice Z + rZ. Let A G f), with coordinates A = ^2\ v h v where 
is an orthonormal basis of f). For given z, r, the KZB operators Hq, H p are operators acting 
on functions w(A) with values in V[0] = (Vi <S> • • • <S> V n )[0], see [FW] . 
The KZB operators are 



H (z, t) = (Am)- 1 A + £ ^)(A, z p - z s , r) 



H p (z, r) = -J2 h( » )d K + E ri P ' s) (A, z p -z s ,t), p=l,...,n. 

v s:s^p 

Here A = J2 V ®\ v ^ s ^ ne Laplace operator and the operators i~V(A, z, r), r z (A, 2, r) are defined 
as follows. For the Jacobi theta function 

oo 

0i(t,r) = 2ei iT E(-l) J e^^ +1 ) T sin((2j + 1)tt*) 
i=o 

and the functions 



*i(f,r)' WK ' y ^(usr)^(t,r) ' 

7)(t, t) = p(t, r) 2 + p'(t, t), ip(w, t, t) = d w a w {t, r). 

we set 

r T (A, z, r) = — T](z, r)O - — ^ ¥>(a(A), z, r)O a , 

a€A 
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T z (\, z, r) = p(z, r)tt + ^ a a(\)[z, r)Sl a , 



aeA 



so we have 



H (z,t) 



p.s 



v s:sj^p 



p(z p - z s , t)Q^' s) + a a 



*eA 



By |FWj the operators H (z, r), Hi(z, r), . . . , H n (z, r) commute. 

3.4. Trigonometric KZB operators. The trigonometric KZB operators are the limits 

the operators H (z, t), H\(z, t), . . . , H n (z, r) as r — > zoo. 



Proposition 3.1. The trigonometric KZB operators are 



1 



-A 



-E 



71- 



Ani Atx% sin (7ra(A)) 



H p (z) 



cot(7r(z p - z s ))rt^ - J2 cot(a(A))(f#' a > - 



-E^+^E 

for p = 1, ... ,n. 

Note that H does not depend on z. 
Proof. We have that 9i(t, r) = 2e^ lT [sin(7rf) + 0(e 2niT )}, so as r -»■ zoo 



7rcos(7rt) 
p(*,r)->-7 



7r sin(7r(w — £)) 
<7 M (t,T)-> — 



<P(l»,t,T) -> 



sin(7rt) " ■ ' s in(7rw) sin(7rt) ' 

7T 2 COS 2 (7Tt) 7T 2 



sin 2 (7rt) sin 2 (7rt) 
7r 2 sin(7r(w — + t) 



-7T 



7T 



sin(7rt) sin (7Ttw) sin (7rw) 



Thus, we have 



1 . 1 v-^ 

— A + — > 
Ani Ani ^— ' 



p.s 



-7T 



(p.») 



E 



7T 



sin (7TQt(A)) 



.Q(P,') 



Since E^ s Q,^' s> acts as zero on V[0], we have that 



~~ Ani Am ^ s in 2 (7ra(A)) 

p,s aeA v v // 



1 1 ^ ^ 71 

Ani Aixi ^ sin 2 (7ra(A)) 

a£A+ p,s y y >> 



NORMS OF EIGENFUNCTIONS TO TRIGONOMETRIC KZB OPERATORS 



7 



This gives 



Atti Atti < ' en 



7T 



Airi Ani sin (7ra(A)) 



y € a 6— a -\- 6—q.Cq) 



by summing over p and s. 
For p = 1, . . . ,n, 



H r (z) 



E^+-E 



7rcos(7r(z p - ^ 8 )) ^(p, a) + j-v 7rsin(7r(a(A) - z p + z fl )) nfas) 



sin(7r(zp - z s )) 



sin(7ra(A)) sin(7r(z p — z s )) a 



cot(7r(z p - ^))fi (p ' s) - E cot(7ra(A))(^) - 



as desired. 



□ 



For s = 1, . . .,n, let Z s denote e" 2 ^. For E fj*, and A G fj, let X^(A) denote e " 2 ^ (A) . 



Then for p = 1, . . . , n, we may write 
(3.1) J3 p (z) = -E'* ) ^-t<E 



^p — -^s 



aGA H 



3.5. KZ and KZB equations. The rational, trigonometric Gaudin operators and the KZB 
operators are the right hand sides of the rational, trigonometric KZ equations and the KZB 
equations respectively. Let k be a nonzero complex number. Then the rational KZ equations 
for a ^-valued function u(z), z 6 C n , are 

nd Zp u(z) = K p (z)u{z), p=l,...,n. 

The trigonometric KZ equations for a V-valued function u(z) are 

Kz p d Zp u(z) = /C P 0, £)u(z), p = l,...,n. 

The KZB equations for a \^[0]-valued function u(X, z, r) are 

Kd Zp u(X, z, t) = H p (z, t)u(X, z,t), p = 1, . . . , n, 

Kd T u(X, z, t) = Ho(z, t)u(X, z, r), 

see [KZIICEIIEFKIIFW] . 



4. Relations among Gaudin and KZB operators 

4.1. Rational Gaudin and trigonometric Gaudin operators. Let Vi, . . . , V n be highest 
weight q- modules, with highest weights A 1; . . . , A n respectively, and V = V\ ® ■ ■ ■ ® V n . Let 
M M be the Verma module with highest weight \x generated by 1 M . 

We label the factors in <8> V starting with zero, so that the pth factor is V p for p = 
1, . . . , n. Then as a consequence of Proposition 2.1 in |MaV] . we have the following fact. 
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Proposition 4.1. For p G f)*, u G V^]^, and p — 1, . . . ,n, 

z p K p (0,zx,...,z n ) + ^(Ap,A p + 2p)^ 

= ® /C p (z x , . . . , z n , p + p + u 

ZioZds m Sing M M g) V[i/ + //] . 

Proof. [MaV] The left side belongs to SingM^ ®V[v + p] since K p (0, z±, . . . , z n ) commutes 
with g. We rewrite the left side as 

n <*o) + £^!! + 1^)] s(a0(1/i g, u) 

using the fact that the Casimir element applied to V p is multiplication by the constant 

(A p , A P + 2p). We have that = r^ s \z p / z s ) + ^ s) . We define C± = §G) + E Qe A ± C a , 

so C = C + + C_ and set Q± ' = C^f , which is just a choice of ordering. Then the previous 
expression is equal to 

r^\z p /z s ) + + ^' 0) + \ (C? ~ S(/i)(l„ ® u). 

.s^0,p s=0 J 

We note that ELo ^ = lELo^ + E ae A + ^l (ELo^)- Since 5(/,)(l^«) is 

singular, (EILo 6 ^) -(/"X 1 ^ ® n ) = °- Furthermore, | fe«=o ^cf' S) ) s (aO(!j« ® «) is just 
\{y + (g) u). We also note that C + — C- = Eqga [ e a; e -d equals 2p. We are 



left with 



(4.1) I Yl r M {z p /z s ) + \{y + /i) (p) + p {p) + fif' 0) ) ® w) 

For /i satisfying (12.21) . each singular vector has an expansion 1 M <g> v + Ei>>o(^V ^jfc-^j ® 
u(Fk)(l^ ® f ) for some nonzero t> G V[i/]. We must determine v and can ignore the higher 
order terms. The first three terms of (14. ip do not act on the first factor M M at all. For the 
last, recall that fij' 0) = |r^' 0) + E aeA+ ege®, hence, fiJ' 0) S(/i)(l M ® u) = ®u + 

higher order terms. So ( 14. ip equals 

® ( ]T r<**W*.) + ^ (P) + ^ (P) + P (P) ) u ) 

as desired. 

For any p and u G V[i/]^, we note that 

r M (z p /z s ) + i(v + A) (p) + p (p) + fif 0) J S(A)(1 ® u) 



u 



u 
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is a U{\) © n_) <%> ^-valued rational function of f)* regular at A = p. It is equal, modulo the 
annihilator of 1a, to 

5(A) (l <g> K, p (zi, . . . , z n , A + p + ^ 

so 

E(p) (l tl <g>K, p (zi,...,z n ,p + p+ 1 ^ 
is defined, and the proposition holds. □ 
Corollary 4.2. For p G \f , and p = l,...,n, the operator K. p [z , p + p + |) preserves 

Proof. Since JC p (z, p + p + |) commutes with f), we need only check that 

E(p) (l^ ®JCp(z,n + p + ^ uj 
is well-defined for u G V[z/| M . By Proposition 14.14 it equals 

(z p K p (0,z 1 ,...,z n ) + i(A p ,A p + 2p)^) S(^)(l M ®u) 

which is well-defined. □ 

Corollary 4.3. Let 1 M £g> -u + J2j>o^j^-^ ® u j e SingM M ® V"[p + z/] be an eigenvector of 
K p (0, zi, . . . , z p ) with eigenvalue e p for p = 1, . . . , n. Then the leading term u G V[u] is an 
eigenvector of )C p (zi, . . . , z n , p, + p + §) with eigenvalue z p e p + h(A p , A p + 2p). 

Proof. By Proposition 12. 2} u belongs to V[i/] M . By Proposition 12.3} the vector S(p)(l A1 <S> u) 
is well-defined. By Proposition prop:singdifference, the difference 



u= ( 1^® u + y^ j F j l fM ®Uj \ - H(/i)(l At ® u) 
V i>o / 

belongs to SingKer(S^) ® V[p + v\. Since U(q) preserves Ker(S' M ), we have 
(z p K p {0, z u ... , z n ) + ^(A p , A p + 2p)^ u G Ker(S' M ) <g> V 

so the leading term is zero. By Proposition 14. 1[ this leading term is 
(zp£ P + ^(Ap, Ap + 2p)^j -K,p(z 1 ,...,z n ,p + p + 



□ 



4.2. Eigenfunctions of KZB operators in the trigonometric limit. We look for eigen- 
functions to H in the space A(£) ® V[0] defined as follows. 

For f} G ff, let Xp(\) = e - 27r ^( A ). For a simple root a,-, let X 3 = X aj . Denote by A 
the algebra of functions on f} which can be expressed as meromorphic functions of variables 
Xi, . . . ,X r with poles only on U^^Xa = 1}. For £ G f)*, we define *4(£) to be the vector 
space of functions of the form e 2m ^(j) with G A 
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The algebra A is a subalgebra of the algebra C[[A~i, . . . , X r ]] of formal power series. 
For <f>(Xi, . . . ,X r ) G A, we define its leading term to be const }(</>) = 0(0, ... ,0). For 
e 2^(A)0 £ we define its leading term to be 0(0, . . . , 0). 

Let E(£) C A(£) ® V[0] be the subspace of eigenvectors to i/o with eigenvalue 7ri(£, £). 

Proposition 4.4. |FV2] Lei £ G f) satisfy 

(4.2) (£ - /3, £ - /?) ^ (£, for all nonzero f3 G Q + . 

Then for u G V[0], there exists a unique ipl = e 27 "^ A Vt -4(0 ® ^[0] SMC ^ 

= 7rz(C,0^ anc? const {x,}(0i) = u. 

The proof of existence and uniqueness of ip* as a formal power series is similar to Heckman 
and Opdam |HUj . Etingof [EJ gave a representation theoretic construction of eigenf unctions 
to Hq for £ satisfying (14. 2p . Let M^_ p be the Verma module of highest weight £ — p, where 
£ satisfies (12. 2p . Then for each u G ^[0], there is a unique homomorphism <3>„ : M^ p — )■ 
M^_ p Cg) K such that <E> u (l£_ p ) = H(£ — p)(l^_ p <g> w). Then as formal power series, 

nl j ~ tr Me _ p exp(27rzA) ' 

Felder and Varchenko |FV2] gave the explicit calculation of this function and showed that it 
lies in A(£) <g) V[0]. We recall this construction. 

We first define a linear map Ax : 27(n_) — > A <8> f7(n_). We set Ax(l) = 1 for 1 the 
identity element of Z7(n_). 

For an element of U(nJ) of the form Fp x ■ ■ ■ Fp m where each Fp k belongs to Q-p k with 
k G A + , we set A x {F Pl ■ ■ ■ Fp m ) = J2aes m A x( F Pi--' F fi m ), where S m is the symmetric 
group on m symbols, and A x is defined by 



Ar(fc) 



A x (F Pl ■ ■ ■ FpJ = J] - J) 

Afl CT(1) • • • A / 9 CT(fc) 



fc=l 



' ' ' 0tr(m) 



F, 



For given a G S m , the number a£ is defined to be Ylj=k ^ji wnere d° = 1 if a(j) > cr(j + 1) 
and dj = otherwise. 

Lemma 4.5. JTie operator Ax is well-defined. In other words the relation 
A x (Fp 1 ■ ■ ■ Fp t Fp i+1 ■ ■ -Fp m ) - A x {Fp 1 ■ ■■Fp l+1 Fp i ■ ■■F j3m ) = A x (Fp 1 ■ ■ ■ [Fp t Fp t+1 ] ■ ■■FpJ) 
holds for any collection Fp 1 , . . . , Fp m with each (3k G A + and Fp k G Q-p k ■ 
Proof. For each a G S m , there exists some a' such that 

(4.3) A x (Fp 1 ■ ■ ■ Fp t Fp e+1 ■ ■ ■ Fp m ) - A x (Fp 1 ■ ■ ■ Fp l+1 Fp t ■ ■ ■ Fp m ) = B a (X)Fp a{1) ■ ■ ■ Fp a{m) 

with B a (X) G A. In fact, a' = r^+i o o where t^+i is the transposition of I and t + 1. It 
is clear that 

A x (Fp 1 ■ ■ ■ Fp e Fp e+1 ■ ■ ■ Fp m ) - A x (F Pl ■ ■ ■ Fp e+1 Fp e ■ ■ ■ Fp m ) = ^ B a (X)Fp a(1) ■ -Fp <m) . 

To calculate B a (X), we note that the denominators of A x (Fp 1 ■ ■ • Fp t Fp l+1 ■ ■ • Fp m ) and 
A x{Fp\ ■ ■ ■ Fp e+1 Fp e ■ ■ ■ Fp m ) are the same, since these only depend on the order of the Fp 
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appearing in Fp aW ■ ■ ■ Fp a{m) and Fp a , • • • Fp a , (m) . The difference between A a and A a> comes 

from the coefficients a k and a k) depending on cfj and cfj' for j ^ A;. 

We first consider a for which the factors Fp t and are not adjacent in the expression 
Fj3 a{1) ■ ■ ■ Fp, , in other words, o for which | cr" 1 (£) — a~ 1 (£+ 1)| > 1. For such a, exchanging 
Fp t and produces no change in the relative sizes of the indices of adjacent factors in 

Fp a(1) ■ ■ -Fp, m) , so d'j = d'j for all j and a k = a k for all k. This tells us that for these a, 
B°{X) = 0." m 

For the remaining a, Fp t and are adjacent in Fp a(1) ■ ■ • Fp, y We first consider a 

such that Fp e Fp e+1 appears, or cr _1 (£) + 1 = <r _1 (£ + 1). We calculate ^_w« = 0, since 
<t(<7 _1 (^)) is less than <7(<7 -1 (£) + 1). We see that d£-im = <#-i (m) = 1. For all j ^ o-\£), 
it is clear that d° = d a - . Thus a k = a k + 1 for k ^ o --1 ^) and a k = a k for k > cr~ 1 (£). For 
such a, 

A a x (Fp 1 ■ ■ ■ Fp i+l Fp e ■ ■ -Fp m ) = Xp a{1) ■ ■■Xp^_ 1W) A'5 ( (Fp 1 ■ ■ ■ Fp t Fp l+l ■ • -i^J 

so 

B a {X)Fp rr{l) ■ --Fp^ = (1 - Xp a(1) ■ ■ ■Xp^_ Hm )A° K {Fp l ■ --Fp t Fp l+1 ■ ••-?>„)■ 
We must also consider a such that Fp e+1 Fp e appears in Fp a{1) ■ ■ • Fp, y For these a, we 
see that a' is in the previous category. Then B <7 (X) = —B a '(X), so 

B rj (X)Fp a{1) ■ ■ ■ Fp a{m) + B a {X)Fp (j , {i) ■ ■ ■ Fp <T , (m) B a (X)Fp <r(1) ■ ■ ■ [Fp v Fp l+1 ] ■ ■ ■ Fp o(yny 

We can write B a (X) more explicitly with variables Yp k , where Yp h = Xp k for k < £, 
Yp e = Xp e Xp e+1 , and Yp k = Xp h+1 for k > £. Then 

m-1 Y k 

b*(x) = n — — ^ — 

where a is the element of S m -i that acts like a, but treats £ and £ + 1 as a unit, and b k is a 
sum of the first k numbers d?, skipping d^-i,*, which is zero. In fact, 

B a (X)Fp a{1) ■ ■ ■ [Fp v Fp l+1 ] ■ ■ ■ Fp a{m) = Ay{Fp 1 ■ ■ ■ [Fp v Fp e+1 ] ■ ■ ■ Fp m ), 

and 

^ A v(Fp 1 ■ ■ ■ [Fp e , Fp e+1 ] ■ ■ ■ Fp m ) = A Y (Fp 1 ■ ■ ■ [Fp e , F Pt+1 ] ■ ■ ■ Fp m ). 

□ 

Proposition 4.6. [ FV2j For l ? _ p ® u + J2j>o F i ® u i e Sin § M Z-p ® the function 

4,{\) = e 2 ^ x \u + Y,A x {F ] )u J ) 

j>0 

belongs to E(£). 

For u G y[0]^_ p , we denote the function associated to E(£ — p)(l^_ p <S> u) by 
^ = e 2 ^\u + ^ ( S^-p )jkAx(Fj)u(F k )uj). 

j>0 
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Let : ->• E(g) denote the map u !->• ip^. 



Proposition 4.7. [FV2| For £ G t)* satisfying \4-<fy ^he map P^ is an isomorphism between 
V[0) andE(£). 

Proposition 4.8. For p = 1, . . . ,n, the operator H p (z) preserves E(£). 



Proof. We use the formulation of H p (z) in formula ( 13. ip . Differentiations with respect to A 
preserve A(£), so H p (z) preserves A(£) <S> V[0]. Since H and H p (z) commute, H p (z) also 
preserves E(£). □ 

4.3. Trigonometric Gaudin and trigonometric KZB operators. 
Lemma 4.9. For £ with property ffJfy an d P = 1j • • • ? n > we have 

H p (z u . . . , Zn )Pt = P%(e~ 2mz \ . . . , e" 2 — , 
as maps from V[0] to E(£). 

Proof. For any u G V[0], we have H p (z)P^(u) = H p (z)ipu G E(£) by Proposition 14.81 Since 
£ satisfies (14.21) . H p (z)ip^ equals ip„(X) for some v G V[0]. By formula (13. ip we have 



-2ni^ p) u -ni^ 



Z p + Z 



Zp + Z s r ps j n (p,s)> 



-2m^ p) u-2mJ2 r{P,s) [ : 

s=£p 

-2mJC p (Zi,...,Z n ,£,)u. 



u 



□ 



The lemma holds for generic £ and so implies the following result. 
Corollary 4.10. For £ G f)* and u G V[0]^_ p; we /iai>e 

iZ^i, . . . , z n )ipl = tpl 



for v = JC p (e 



-2-rrizi 



-2-niZn 



i)u. 



5. Scalar products 



5.1. Shapovalov form and rational Gaudin operators. We recall the following fact, 
see for example |RV] . 



Proposition 5.1. Let V — V\ 

Let ii,d6 V . Then 



■ ■ <S> V n , and let S be the tensor Shapovalov form on V. 
S(K p (zi, . . .,z n )u,v) = S(u,K p (zi, . . .,z n )v), p = 1, . . .n. 
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5.2. Scalar product and trigonometric Gaudin operators. We define the following 
family of bilinear forms on V, depending on a parameter £ G f)*. 

Definition 5.2. For £, G f)* introduce a bilinear form (, )^ on fry the formula 

(5.1) («,v) € = Q(£)v). 

Proposition 5.3. The bilinear form on V[v\^_ p _i u and the Shapovalov form on 
M^_ p _i u g V satisfy the relation 

(«, = 5 (s(£ -p- l -u){l^ p _ ¥ ® u ),E(£-p- ^u)(l^_ p _ hv <g> v)J . 

Proof. Set w = £ — p — ~ia Then 

S(/i)(l„ g u) = 1 M g u + ^ ( F i ® ® u ) 

j,k>0 

with respect to a homogeneous basis F, of Z7(n_). Thus the right side of the equation (15.11) 
is 

I] (S- 1 )^- 1 )^ (Fjl p g F Z 1 M g w(F m )v) , 

or 

This last expression is just <2(£)u>). □ 

Corollary 5.4. Lei 1 M g u + J2j>o^j ® M i an( ^ V ® 11 + Sj>o-^' ® u i ^ e vec t° rs 
Sing M M g V [p + v\ . Then the relation 



S I 1 M g « + ^2 F o ® w i> !/* ® v + X] F J ® U J ) 

V i>o j>o / 



holds. 



Proof. The singular vectors differ from H(p)(l M gn) and H(p)(l M gn) by vectors in Ker(5' M )g) 

v. " r 

Corollary 5.5. The bilinear form ( , on V[i/]^_ p _i I/ symmetric. 
Theorem 5.6. For £ G f)*, it, f G ^Mg-p- i w P = 1, • • • , ft, ^ e ^o^e 

(/Cp(«, £)n, v)t: = (u,Kp(z,£)v)t. 

Proof. Note that both sides are defined by Corollary 14.21 By Proposition 15.11 we know that 
z p K p (0, zi, . . . , z n ) + |(A P , A p + 2p) is symmetric with respect to the Shapovalov form defined 
on M^_ p _i u g V. This and Proposition 14. II imply that 

S(H(p)(l M g £)n), H(p)(l M g «)) = 5(H(u)(l M g n), H(p)(l M g /C p (z, £)n)) 
for p = £ — p — \v. Then by Proposition 15.31 we have the theorem. □ 
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5.3. Scalar product and KZB operators. 

Definition 5.7. For £ 6 f)* ; we define the bilinear form (, ) on ©/3gq-4.(£ + /3) £g> V[0] 6?/ 

(5.2) (^i(A),^(A))= / ^i(A),^ 2 (-A))rfA 1 rfA 2 ---rfA r 

where C is given by each Xj = (A, ctj) ranging along the interval from — i5 to 1 — iS for 
some 5 > 0. 

Proposition 5.8. The bilinear form ( , ) is well-defined on ©/?eQ^4(£ + /?) <E> V[0]. 

Proof. Recall that *A(/i) is defined as the space of functions on f) of the form = 
e 2m ^(j)(X) where X = (X 1 ,...,X r ), Xj = e ~ 2ma j( x )^ anc l is a meromorphic func- 
tion with poles only on the hyperplanes U ae A{^a = 1}- For -01(A) G A(£) <8> V[0] and 
02 (A) G ,4(£ + ft) <g> V[0] with /3 = £)J =1 G Q the bilinear form is 

(0 1 (A),0 2 (A)) = / 1 S(e 2 ^ A )0 1 (X),e- 2 ^ A ) e - 2 ^ A )0 2 (X- 1 )) c /A 1 rfA 2 ---rfA r 

where X" 1 denotes (Xf 1 , . . . ,X r r 1 ). The factor e - 27Ti ^ is X^ 1 • • -X r 6 '', so the integrand is 
periodic and we may write 

(5.3) (0 X (A), 2 (A)> = (-27ri)- r / X b ^ ■ --X'/SiMn MX" 1 ))^ 1 A ■ ■ ■ A ^ 

JC A l A r 

where C is a torus {X | |Xj-| = e, j = 1, . . . , r} with e < 1. The torus C doesn't cross the 
poles of 0i(X) or 2 (X" 1 ). □ 

Proposition 5.9. The trigonometric KZB operators Hq, Hi, . . . , H n are symmetric with 
respect to ( , ) on ®p eQ A(£ + /3) ® V[0]. 

Proof. Recall that Hq is 

1 1 7T 2 

H = —A- — > — — — — (e Q e_ Q + e_ Q e Q ). 

Am Am sur(7ra(A)) 

Since the integrand of (15.21) is periodic, the Laplace operator A is symmetric with respect 
to ( , ). For each a, the operator e a e- a is adjoint to e- a e a with respect to Shapovalov form, 
and sin _2 (7ra(A)) is an even function of A, so these terms are symmetric. 
For p — 1, . . . , n, the operator H p (z) is given by the formula 



H p {z) = -Y,h^d K +^Y. 



))Q {P ' S) - cot(a(A))(^ p ' s) -Q[ 



Each d\ u is symmetric by integration by parts, and is symmetric with respect to Shapo- 
valov form. The operator fl^'^ is the symmetric invariant tensor acting on the pth and 
sth factor, and is symmetric with respect to Shapovalov form. Each £l£' 8 ^ is adjoint to 
Q-a with respect to Shapovalov form. Since cot(a(A)) is an odd function of A, each 
cot(a(A))(f^f' s ^ — ; ) is self-adjoint with respect to ( , ). □ 

In fact, the elliptic KZB operators are symmetric with respect to ( , ) as well. 
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5.3.1. Eigenfunctions of H . 

Proposition 5.10. Let f3 E Q be nonzero. For £ Et)*, u E V[0]^ p and v E V[0]^ + (s^ p , we 
have 

Proof. For £ satisfying ( 14. 2p . ip€ and have different eigenvalues with respect to Hq, so 
Proposition 15.91 implies they are orthogonal. The product (?/^, V^ +/3 ) is analytic in £, since 
the functions ^ and are analytic, so the proposition holds for all £. □ 

For generic £, Proposition 15. 101 implies that the spaces £"(£) and E(£ + /3) are orthogonal 
for (3 E Q nonzero. For £ such that (£, aj) is an integer for some simple root atj and certain 
(3, the spaces £"(£) and E(£ + (3) are not disjoint, so are not orthogonal. 

Recall that the definition of Ax is Ax(l) = 1 and 



A x (Fp 1 ...F Pm )= A° x (F Pl ...F p 



o-eS„ 

with 



A x (F Pl ■■■F /3m ) = T\ - CT(fc) ^ • • - F Pm 

where a a k is defined as the cardinality of the subset of {k, . . . , m — 1} consisting of those j 
satisfying o~(j) > o~(j + 1). It is clear that Ax{F^ 1 ■ ■ ■ Fp m ) is zero at X = if m > 0. 

Lemma 5.11. Let X' 1 denote (Xf 1 , . . . , X' 1 ). The map Ax-i '■ U(xi-) — > A <8> «s 
regular at X = iwzt/i 



lim Ay-i = a, 



where a is the antipode. 
Proof. We have the formula 



v m-k-a^ 

Pa(k) 



a x Af Pi ■ ■ ■ Fpj - n x '™ - A« ■ ■ ■ F ^-y 

k=l Pr7 W P"W 

Since a£ equals the cardinality of a subset of {k, . . . ,m — 1}, the expression is regular at 
X = 0. In fact, ^4^-1 (i 7 /^ ■ • • Fp m ) is nonzero only if a? k = vn — k for every k. This holds only 
if cr is the permutation sending each k to m — k + 1. Denoting this permutation by do, we 
have 

A — U 

which is the antipode map a on £/(n_). □ 
Proposition 5.12. |EV2] For £ G f)* and u,v E V[0]^- p , we have the relation 
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Proof. Recall that by Proposition I4.6[ for u G y[0]^_ p , ipu nas the f° rm Vu(A) — 
e 2^(A) \^2j Ax{Fj)UjJ with the vectors Uj defined by the condition H(£ — p)(l^_ p ® u) — 

^2j^ Q Fjl^-p <g> for a homogeneous basis of ?7(n_). It follows that i/;^(—X) has the 
form 

ipi(-X) = e-^W 



where X 1 = (X x 1 , . . . , X r 1 ), and V/~ is defined by the condition 

S(f - p)(ls- p ®v) = ^2F k l^ p ®v k . 

Formula (15. 3p gives in this case 

mX)MX)) = (-2m)-* f S [E^^^.E^-^J ^ A • • • A dX ' 

JC V 3 k / 1 



X r 



The expression ^ J>0 ^4x(-^j)wj is regular at X = with value w. Lemma 15.111 gives that 
^ fc>0 A x -i (F k )vk is regular at X = with value ^ fc>0 a(F k )v k , where a denotes the antipode 
map. The integration is just evaluation at X = 0: 

The definition of H(£ — p)(l^_ p <g> v) gives each as 

v k = ^2(S^ p ) ke uj(F e )v, 

so we have 

<^(a),v$(a)> = ^ («, s^r-p)" ^^)^ 

The expression ^ fc ^ (S^ ^^(i^a^i^i; is the definition of Q(£)v, so 

(^(A),^(A)) = %Q(0«) 
holds, which gives the proposition. □ 



6. Bethe ansatz 

6.1. Rational Gaudin Model. Let V = V\ ® • • • ® V n , where V p are irreducible highest 
weight g- modules of highest weight A p with highest weight vectors v p . Set A = (A 1; . . . , A n ) 
and A = Y2 P A p - Let m = (m 1; . . . , m r ) be a collection of non- negative integers, m = . m j 
and m a = Y7j=i m j a j- 

The Bethe ansatz gives simultaneous eigenvectors to the operators K p (zi, . . . , z n ) on 
Sing V [A - m a ). 
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6.1.1. Master function. Let 

, _ ,(1) A2) ,(2) ,(r) ,(r) x ,pm 

We express this ordering of coordinates as (j, A;) < (j', A;') if either j < j' or j = j' and 
k < k'; here (j, k) corresponds to . 

The master function Qxit, z, A) is defined as 

n 

(6.i) $ K {t, z,a) — «i0 lo s(4 J) - 4'°) - E A *) lo s(4 J) - *.)• 

(j,k)<(j',k') (j,k) s=l 

Critical points of $^ with respect to the t variables are are defined as solutions to the 
equations 

U',k')^{j,k) b k b k> s=l b k Z s 

The group S m = E mi x • • ■ x E mr acts on the critical set of $if by permutation of coordinates 
with the same upper index. 

6.1.2. Eigenvectors. We construct the weight function u : C m — > V[A — Yl V j=i m j a j}- Let 
b = (&x, . . . ,b n ), with each b p a non-negative integer and Y^=i K = m - The collection of 
these partitions will be denoted B. Let S(b) denote the set of bijections a from the set of 
pairs {(p, s) : 1 ^ p ^ n, 1 ^ s ^ 6 P } to the set of variables {t^ , . . . , tmj, • • • , t[ , . . . , tm r }- 

Let c(tjj? ) = j be the color function, and set c CT ((p, s)) = c(a((p, s))). 
For each b 6 5 and a G S(b), we assign the vector 

fb v = /c CT ((l,l)) ' ' ' /c CT ((l,&i))" l 'l ® • • • <8> /c CT ((n,l)) " " " fcc((n,b„))V n - 

Different cr may give the same /£• To b and cr, we also assign the rational function 

< = <,i( z iK, 2 (£2) . . . u^ n (z n ), 

where 
(6.2) 

K ' p{X) = (Hp, 1)) - a(p, 2)){a(p, 2) - a(p, 3)) • ■ • (a(p, b p - 1) - crfe 6 p ))(cr(p, 6 P ) - x) " 
Then we have 

(6.3) u(t,z) = Yl E u b/b«- 

foes o-es(b) 

Theorem 6.1. Let t cr be an isolated critical point of §k{~ , z, A). T/ien u(t cr ,z) is a well 
defined vector in Sing V[A — m a ] [MVj . This vector is an eigenvector of the rational Gaudin 
operators Ki(z), . . . , K n (z) [Bj IBFl IRV] . The eigenvalue of u(t cr , z) with respect to K v {z) is 
equal to -^^ K (t cr , z, A) |RV] . 

Theorem 6.2. |V4] For an isolated critical point t cr of §k( • , z, A), the vector u(t cr , z) is 
nonzero. 

For g = sl r+ i the fact that u(t cr , z) is nonzero is proved in [MTVj . 
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6.1.3. Norms of eigenvectors. For t cr a critical point of $x 



Hess t ^Kifcri z i A) = det 




be the Hessian of 

Theorem 6.3. [V3J Lei t cr be an isolated critical point of • , z, A). Tnen 

S^u^, ^)) = Hess t § K (t cr , z, A) 

where S is the tensor Shapovalov form on V . 
Theorem 16.31 was proved in |MVj for q = sl r+ i. 

Theorem 6.4. [V3] Lett cr , t' CT be isolated critical points of $>k{ • , z, A) lying in different 
orbits of S m . Then 

S(u(t cr ,z),u(t' cr ,z)) = 0. 

6.2. Trigonometric Gaudin Model. Let V = V± <g) • • • <g) V n , where V p are irreducible 
highest weight g-modules of highest weight A p with highest weight vectors v p . Set A = 
(Ai, . . . , A n ) and A = J2 P Ap, m = ( m i> • • • > m r), m = Ylj m j an d m a = Y7j=i m j a j as above. 
Then the Bethe ansatz provides simultaneous eigenvectors to the operators fC p (zi, . . . ,z n ,£) 
in V[A — mj. 

6.2.1. Master function. In this case we write the master function 
(6.4) *, A, /i) = $ K (t, z, A) - ^( % , (jl) log^) 

where $x is given by equation (16. ID . The function has critical points determined by the 
equations 

V (ggifV) K^) _ Q i< ?<r l < k < m- 

(j',k')jt(j,k) L k L k' p=l k Z V l k 

6.2.2. Eigenvectors. 

Theorem 6.5. Lei £ cr fre an isolated critical point of • , z, A, £ — p — |(A — m a )). Tnen 
«(i cr , z) G V[A — m a ] zs an eigenvector of the trigonometric Gaudin operator )C p (zi, . . . , z n , £) 
TOt/j eigenvalue equal to 

d 11 

^.^-^Jc(tcr J ^,A,£-p--(A-m a )) + -(A p ,A p + 2p) 

for p = 1, . . . , n. 

Proof. We relate the construction under question to the Bethe ansatz for the rational Gaudin 
operators K (0, z\, . . . , z n ), . . . , K n (0, zi, . . . , z n ) on the space SingM M ® V"[/i + A — m Q ]. 

We construct the weight function n^ : C m — >• M^gjVl/t+A— mj. Let = (6 , bi, . . . ,b n ), 
where ^™ =0 & p = to, and denote the set of these partitions. Let £(bjc) be the set of 

bijections a from {(p, s) : ^ p ^ n, 1 ^ s ^ 6 P } to {t^ , . . . , tm\, ■ ■ ■ , t^, . . . , tm r }- Let 

c(4 J) ) = h and c CT ((p, s)) = c(<r((p, s))). 
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For each e and a G £(b/c), we assign the vector 

fb K V K. = /c((Q,l)) ' ' ' jWc^&o)) 1 /* ® • • • ® /c CT ((n,l)) • • • fc„((n,b n ))V n - 

and the rational function 

where Mb K ,p( x ) i s as i n equation (16. 2J) . Then 

ujc(*,*) = ^ ^ <Jb K Vic- 

By Theorem EIU if t C r is a critical point of • > -2? A, /i), then Ufcit cri z) belongs to 
Sing M^®V[p+A — m a ] and is an eigenvector to K (0, Zi, . . . , z n ) with eigenvalue Y^a k) ^UF 

and to -Kp(0, Zi, . . . , 2 n ) for p = 1, . . . , n with eigenvalue ^-$^(^cr, 2, A, p). 
The singular vector has the form 

Ulster, Z) = l li ® U(t cr , Z) + 22 ® M J 

j>0 

for u(t cr , z) as defined in equation (16.31) . since 1 M ® u(t cr ,z) is the sum of the terms of 
u/c{t cr ,z) where b = 0. By Corollary 14. 3[ u(t cr ,z) is an eigenfunction of the operators 
K p (zi, . . . , z n , p + p + |(A - m a )) for p = 1, . . . , n with eigenvalue z p -^^fc{t cr , z, A, /x) + 

|(A p , A p + 2p). We let p = £ — p — |(A — m Q ) for the theorem. □ 

Proposition 6.6. Lei £ — p — ~(A — m a ) satisfy A2.2\) . For t cr an isolated critical point of 
$/c( ■ , z, A, £ — p — | (A — m a )) ; £/ie vector u(t cr , z) is nonzero. 

Proof. By Theorem 16.21 u^{t cr ^z) is nonzero. For /x satisfying ( 12. 2ft . the singular vector 
UK.{t cr , z) equals 5(/x)(l M <g> u(t cr , z)), so w(t cr , z) is nonzero. □ 

6.2.3. Norms of eigenvectors. For t cr a critical point of • , z, A, £ — p — |(A — m a )), let 
Hess t $/c(^cr) denote the Hessian of with respect to the t variables. 

Theorem 6.7. For t cr an isolated critical point of $/c( • > z, A, , £ — p — |(A — m a )), 
(u(t cr , 2), «(t cr , «)) { = Hess 4 $/c(*cr> z, A, £ - p - ^(A - m Q )). 

Proof. Let p = £ — p — |(A — m Q ). By Theorem 16.31 we have that 

Hess 4 $^(t cr ,2, A,/x) = z),«jc(tcr,z)) 
for 5 the tensor Shapovalov form on M M <g> V. By Corollary 15.41 

(u(t cr ,z),u(t cr ,z)) 6 = S{u K {t cr , z),u K {t cr , z)). 

□ 

Theorem 6.8. Let t cr , t' cr be isolated critical points of ■ , z, A, £ — p — |(A — m a )) Zym# 
zn different orbits o/E m . TTien 

(w(t cr ,z),w(4->^)) ? = 
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Proof. By Corollary 15.41 

(u(t cr ,z),u(t' cr ,z))^ = S(u K (t cr ,z),u K (t' cr ,z)), 
and by Theorem 16.41 this is zero. □ 

6.3. Trigonometric KZB operators. Let V = V\ <8) ■ ■ ■ <8> V n , where V p are irreducible 
highest weight g-modules of highest weight A p such that V has a non-trivial zero weight 
subspace V[0). Let v p denote the highest weight vector of V p . Set A = (A 1; . . . , A n ) and 
A = J2 P For £ G f)*, the Bethe ansatz provides simultaneous eigenvectors to the operators 
H p (zi, . . . , z n ) in E(£). In this case, m = (mi, . . . , m r ) is determined by m a = A, since E(£) 
has values in V[0]. 

6.3.1. Master function. Let Z s = e~ 27n2s and Z = (Zi, . . . , Z n ). We write the master function 

<f> H (t,z,A,p) = $*;(*, Z, A, p) 
with as in (16.41) . Critical points of with respect to t are determined by the equations 

(aij,atjt) ^ (%,A P ) (cK-,-,^) 



(j',k')^(j,k) L k h k' p=l L k L k 

6.3.2. Eigenf unctions. 

Theorem 6.9. Let t cr be an isolated critical point of $#( ■ , z, A, £ — p) Then for u(t cr , Z) G 
V[0] given by \6. 3\) . ip^n ^ s a eigenf unction of H Q with eigenvalue 7ri(£, £) and of 

1 d 

2ni dz„ 



H p (z,X) for p = 1, . . . ,n with eigenvalue ^-$^(t cr , z, A, £ - p) + (A p ,A p + 2p). 



Proof. By Theorem I6.5[ w(t cr , Z) G V[0] is eigenvector of the trigonometric Gaudin operators 
K P {Z U . . . , Z n , £) for p = 1, . . . , n with eigenvalue Z p -^-$ K (t cr , Z, A, £ - p) + (A p , A p + 2p). 

Lemma [4.91 implies that z ^ is a eigenfunction of H p (z) for p = 1, . . . ,n with the same 
eigenvalue. □ 

Proposition 6.10. For £ — p G f)* satisfying $2.2\) . and t cr an isolated critical point of 
<&h( • , z, A, £ — p), the function ip^u Z )W ^ s nonzero. 

Proof. By Proposition 16. 6[ u(t cr ,z) is nonzero, so ^(A) is nonzero. □ 

6.3.3. Norms of eigenf unctions. For t cr a critical point of ( • , 2, A, £ — p), let Hesst $^(t cr ) 
denote the Hessian of with respect to the £ variables. 

Theorem 6.11. Let t cr be an isolated critical point of $#( ■ , z, A, £ — p). Then 

V6 ter ,z), V>L r,z) ) = Hess * M*cr, A, £ - p). 



i{t CT ,Z)i V u (t CT ,Z) 

Proof. By Proposition 15.121 

{^U cr ,z)^l(t cr ,z)) = {u{t cr ,Z),u{t cr ,Z)) v 
Since t cr is a isolated critical point of $^( • , Z, A, £ — p), by Theorem 16.71 we have 

(w(t cr , Z), w(t cr , Z)) ? = Hess t $/c(t cr , Z, A, £ - p). 

□ 
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Theorem 6.12. Let t cr , t' cr be isolated critical points of • , z, A, £ — p) lying in different 
Sa orbits. Then 

\^(t cr , z)^i(t' cr ,z)) = °- 

Proof. By Proposition I5.12[ 



and by Theorem I6.8[ this is zero. □ 

7. Weyl group 

For a 6 A, we have the reflection s a of h, defined by s a (A) = A — (A, a y )a. The Weyl group 
W associated to q is the group of transformations of f) generated by such s a . The simple 
reflections Sj = s a , generate W. The Weyl group acts on V[0) so it acts on V[0]-valued 
functions of fj by (w?/>)(A) = w^^w^X)). 

Lemma 7.1. |FW] The operators H (z, t), Hi(z, r), . . . , H n (z, r) are Weyl invariant. 

Corollary 7.2. Let ip be an eigenfunction of H p for p any of 0,1, ... ,n. Then for w G W, 
wip is an eigenfunction of H p with the same eigenvalue. 

7.1. Scattering matrices. Following [F V2] . we define the maps T w (£) : V[0] — > V[0], 
rational in the variable £ G fi* and associated to w G W. For Sj a simple reflection, we define 



For w G W with decomposition w = Sj m ■ ■ ■ Sj 2 Sj 1 by simple reflections, we define 

T w (0 = T S]m (s jm ^ ■ ■ ■ s j2 s h ■ ■ ■ T Sj2 (sj&Ts^ (f ). 
Proposition 7.3. [FV2] The map T w (^) does not depend on choice of decomposition w = 

S jm ' ' ' S 32 S jl ■ 

Corollary 7.4. Forwi,W2 G W , the composition property 
holds. 

We note that this map T w (£ ) is identical to the dynamical Weyl group element A w (£ — p) 
acting on V[0], see [TV], [EVT] . [5TV] . 

Let s/ 2 (j) denote the subalgebra of g generated by and fj and let be a 2k + 1- 
dimensional irreducible S/2C/) submodule of 1/. 

Proposition 7.5. For u G [0], £/ie explicit formula 



T (nu _ (i + 0)(2 + Q)---(fc + Q) u 



holds, where ^ denotes (£, a^). 
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Proof. Since e^ +1 applied to u G [0] is zero, we have 



Each ffe^u is equal to so we have 



1=0 V -/ 



ii 



Thus, T Sj . (£)w is a degree k rational function of £ with simple poles at (£, aj) equal to 
1, 2, . . . , fc. The residue at £ for £ G {1, 2, ... , k} is given by 



H. M ^,(» = (-l)' < , (< y. | . 



This proves the proposition up to a constant multiple. The constant is fixed by T Sj (0) = 
1. □ 

Lemma 7.6. [FV2] Lei £ safe/j/ ( Q . T/jen /or a// io G W, the map ip i — y wip is an 

isomorphism from E(£) to E(w£). 

Theorem 7.7. |FV2] The maps T w (£) satisfy the relation 
forueV[0]^ p . 

Let T w (£)* denote the adjoint operator to T w (£) with respect to the Shapovalov form. 

Proposition 7.8. For a simple reflection Sj, we have that T s . (£)* = T s . (£). 

Proof. This follows from the fact that net is self-adjoint with respect to the Shapovalov 
form. □ 

Corollary 7.9. For £ G f) and w = Sj m ■ ■ ■ Sj 1 , we have 

T w (0* = T. h (£)T Sj2 (s n ■ ■ ■ T s . m (s^ ■ ■ • Sil £). 

Lemma 7.10. For Sj a simple reflection and wq the longest element ofW, the relation 

w T Sj ^)w l = T Wos . w -i(w s^). 

holds. 



Proof. We note the relation w(e l _ a e l a )w 1 = e l _ wa e l wa [TVj . The simple root — w aj equals 
wosjaj, so we have w {f l a .^ a .)wo 1 = e l ms . a .f l WoS . a .. For u G V[0], the equation e l J l a u 
f l a e l a u holds, so we have 



2 {£,<*) 
) I 

Since (£, a J) equals (w Sj£, w SjOCj) we have 



e 



wqTsjWq 1 = T s {w Q s£). 
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The simple reflection s WoSjaj is equal to WoSjWQ which gives the lemma. □ 
Proposition 7.11. For w G W and Wq the longest element ofW, the relation 



w T w (£)*w 1 = T mw - lw -i{w w£). 



holds. 



Proof. By Corollary 17.91 the operator T w (£)* can be written as 

T w (0* = T Sn (0T Si2 (s n ■ ■ ■ T Sik (s^ ■ ■ ■ s n 
for w = Si k ■ ■ ■ SfaS^. Applying Lemma [7.101 successively to the simple reflections we obtain 

w T w (C)*Wo 1 = T WoS . iW -i{w s il £)T WoS . 2W -i{w s i2 s il Z) ■ ■ ■T WoS . kW -i(w w£). 
The composition property is applied to give the proposition. □ 
Theorem 7.12. |EVlj As elements of End c V[0] <g>C(f)*), we have 

7.2. Scalar products. 

Theorem 7.13. Foru,v G V[0]^ p and w G W, we have 

(T w (£)u,T w (£)v) w i: = (u,v)£. 
Proof. By Theorem 17. 121 we have that 

(u,v) $ = S(u,w T W0 (£)v) 

and that 

(T w (£,)u,T w (£,)v) W £ = S(T w (£)u,w T W0 (w£)T w (£)v). 
The definition of the adjoint operator T w (£)* gives 

S(T w (£,)u,w T W0 (w£,)T w (£,)v) = S(u,T w (£)*w T W0 (w£)T w (£)v). 

By Proposition I7.11[ we have 

S(u,T w (£)*w T Wo (w£)T w (£)v) = S(u,w T mw -i w -i(w w£,)T W0 (w£)T w (£)v). 

The cocycle condition gives 

S(u,woT WoW - lw -i(w w£)T Wo (w£,)T w (£)v) = S(u,w T Wo (£)v) 

which completes the proof. □ 

Corollary 7.14. For £ G f)*, let u and v belong to V^O]^. Then 

holds. 

Proof. The left hand side equals (^,f(£W ^tH(£)v) ^ Theorem 17.71 By Proposition 15.121 the 
corollary is equivalent to 

which is the statement of Theorem 17.131 □ 
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Proposition 7.15. Let £ G f)* and w & W be such that wt; = £ + for f3 <E Q nonzero. For 
u,ve V[0]^ p , 

holds. 



Proof. The proposition follows from Proposition 15.101 because of the relation 

-13 

»(0* 



□ 

For u G V[0]^_ p , we define 

^=£(-i) ,(w W« 

w€W 

where l(w) denotes the length of w. For £ integral, each w£ differs from £ by an element of 
the root lattice, so (V^V^) is well-defined. 

Corollary 7.16. Let ( G [)* 6e integral, with wC, ^ £ / or every w G For u,v E V[0]^ p , 
the equation 

holds. 

Proof. By Proposition 17.151 for W\ ^ w 2 , (wiip^, w 2 ipv) equals zero. By Corollary 17.141 the 
terms (wip^, wipl) for each w G W are all equal. □ 

8. Jack polynomials 

In this section, we set g = s/ r+1 , and let the representation V be 5 ,fc ( r + 1 )([y+ 1 , Then V[0] 
is one- dimensional. We set Z\ = 0. 

Denote the fundamental weights of Q by ui, . . . , co r . Let P + denote the integral dominant 
weights, the linear combinations of u\, . . . , u r with non-negative integral coefficients. 

Proposition 8.1. For fi G I) with fi — kp G P+, the equality V[0] M = V[0] holds. 

Proof. For 

S(^)(l /t ®u)= ^ (^- 1 ) lm F £ l M <g> ® m 

to be defined, it is necessary and sufficient that for each F such that F 1 M is in the kernel of 
the Shapovalov form, the expression u(F)u is zero. The kernel is generated by the highest 
weight vectors of the subrepresentations M 8rfi of M p for simple reflections Sj, which are 

given by J ^ P - Since (// + p, aj) is at least + 1, it is sufficient to verify that e^ +1 u is 

zero for u G V[0]. This is true since the weight spaces V[(k + 1)%] are empty. □ 

We use the variables X u . = e ~ 2mul j( x ) for ujj a fundamental weight. For k a fixed non- 
negative integer, the Jack polynomials P„ are a family of Weyl-invariant polynomials in 
X^ 1 , . . . ,X^ 1 parametrized by dominant weights v. They are characterized by their form 
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pj)^ = X_ v + X]/?gQ+ UpX-v+p for coefficients ap G C, and their orthogonality with respect 
to the inner product 

(</>i(A),0 2 (A))* = -L C onst { ^ j}< MA)0 2 (-A) l[(l-X a ) k+1 

where const{x w .} is the constant term with respect to the X w . variables. 
Let II denote the product X_ p Yl a eA + (^ ~~ X a ). 

Proposition 8.2. jFV2] For u G V[0] and £ G f) such that £ - (k + l)p belongs to P + , the 
antisymmetrized eigenfunction ip^^ has the form 

j.wt _ Tl k+i p (k) 

Proposition 8.3. Let £, v G f)* be such that £ — (k + l)p and v — [k + l)p belong to P + with 
£ — v G A. For m,d6 V[0]; ^ e /lave the relation 

(C e ^r> = i^i(n ( Vi)P' p iVi)p)^( M ^)- 

Proof. The left hand side is defined as 

<^r^r>= / sff(A).r(-Api<ttr-A, 

where C is given by each Aj = (A, <x,) ranging along the interval from — i5 to 1 — i<5. Since 
£ — i/ is in A, the integrand is a meromorphic function of the variables X\, . . . ,X r , so the 
product is 

(v>r^r> = const {Xj} 5(^(A)^r(-A)). 

By Proposition I8.2[ we have 
const^S^r, ^(-A)) = const { ^ } 5(n(A) fc+1 Pf } (fc+1)p (A)n, n(-A) fc+1 P^ +1)p (-A>). 
Since II(— A) = X p n^eA- 0- ~ X a ), we have 

€1 = coust { ^. } n (1 - X a )P« \ k+1)p WP^ {k+1)p h\)S(u, v). 

aeA 

On the other hand, we have that 

aeA 

Since the expression on the right has well-defined constant terms in both the X,- variables 
and the X Uj variables, and since each Xj is a non-constant product of integer powers of the 
X u . variables, the two constant terms are equal. □ 
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8.1. Bethe ansatz. We apply the Bethe ansatz results in this case of g = sl r+ i and V = 
S k( r +i) C r+i_ The highest weight of V is k(r+l)ui = YTj=i k(r + l—j)aj. Thus the t variable 

in Q kr ( r + 1 )/ 2 has variables for 1 ^ j ^ r and 1 ^ i ^ kir + 1 — j). The master function 
fc(r + l)wi,£ — p) and the weight function u{t) are as defined previously, with Z\ = 1. 
The Bethe ansatz asserts that if t cr is an isolated critical point of k{r + l)a>i, £ — p), 
the function ^ is an eigenfunction of i?o- Theorem 16.111 gives the norm of ip^, t as 

Proposition 8.4. I/t cr an isolated critical point of §n(t, v + &;p), £/ien the relation 
(P$ k \ Pl k) ) k S(u(t cr ), u(t cr )) = Hess t $ H (t crj k(r + l)u x , u + kp). 

holds. 

Proof. By Corollary I7.16[ the Bethe function ^t^t 1 ^ has the same norm as its antisym- 
metrization w, t ^+(' c+1 )' ) ) divided by \W\, so Proposition 18.31 relates the norm of Jack poly- 
nomial to the norm of the Bethe function. □ 



9. Lie algebra sl 2 , one tensor factor 

9.1. Norm of eigenfunction. We use explicit formulas to show Theorem 16.111 in the case 
g = sl2 and V — V\ consists of a single irreducible factor with A = kct\ where k is a non- 
negative integer. We set z% = 0, X — X\, £i = and Ai = (A, «i). The space V^O] is 
one dimensional and we have 

1 d 2 mk(k + l) 
~ 2^rfAf + 2sin 2 (7rA 1 )' 

Lemma 9.1. Let V = V\, with A = kct\, andu G V[0]. For^i not equal to any of{l, . . . , k}, 
we have 



Proof. The formula for in this case is calculated in |FV2j as 

#(A) = e«ew yf-D ^+m^-j) (JL_\ 



/!(/,•- /)!!■(< ) \ 1 — \ / "' 

i=0 

We write 



with the Jacobi polynomial [S] 

(Q)j9) = r(q + fc + l) A fk\ T(a + (3 + k + j + l) ( : I 
k [Z) k\T{a + p + k + 1) \j) r(a + j + l) 
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and the constant = [r^n — . The norm of ip^ is 



= Cfc const. P«"« p'"^" ( £±I) S(«,«) 



The special values 

f k + a 
fc 



and 

^(-l) = (-1)' 

give 



k 



1 iJ r(6 + i)v(k - ei + 1) 

which is equivalent to the Lemma. 

We suppress the upper index of the t variables, and write t = (ii, . . . , tfc). The 
function is 

k k 

i/i' i =1 i =1 

Theorem 9.2. Fort cr a critical point of&n, we have that 

,A us \_ [(6 + l)(6 + 2)---(^i + A:)] 3 fc! 



(^(i cr ,Z)'^(t cri z)) 



(6 - 1)(& - 2) • • ■ (6 - A;) (A; + 1)(A; + 2) • • • (2k) ' 
Proof. By applying Lemma 19.11 we need only show 

S(u( t(T ,Z),u(tcr,Z))=^ {k + l){k + 2) ... {2k) ) 

The weight function is 



u(t, z) = — — 7\f kv ^ 

^ (tail) - t a (2)){ta(2) - t a ( 3 )) ■ ■ ■ [ta(k-l) ~ C<r(fc) J (*<r(fc) ~ 1) 

which can be simplified to 

For t a critical point of |V2] gives the formula 

A i (6 + i)(ei + 2)---(ei + fc) 

^i^- 1 (k + l)(k + 2)---(2k) ' 
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Calculation shows that S(f k v\, f k v^) = (2k)\, which gives the theorem. □ 
By |V2l Equation 1.4.3], we have 

Hess t {* B ( tcn z,A,£ — P )) = k\ J] ^hwihj ) 
to obtain the claim of Theorem 16 . 1 1 1 1 hat 

(^u(t cr ,Z)^i(t cr ,Z)) = HeSS * ®H (tor, Z,A,£-p). 
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